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Abstract— In this paper upper record values from the size-biased Pareto distribution(S-BPD) are studied. Several
distributional properties of upper record values from the size-biased Pareto distribution, including probability density function(pdf),
cumulative distribution function(cdf), moments, entropy, inverse/negative moments, relations between negative and positive moments,
median, mode, joint and conditional pdfs, conditional mean and variance, have been derived. The reliability measures of the upper
record values from the S-BPD such as survival function, hazard rate function, cumulative hazard rate function and reversed hazard
rate are also discussed. A characterization of the S-BPD based on the conditional expectation of record values is given.
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1. INTRODUCTION

Chandler (1952) introduced records as sequence of random variables such that random variable at i-th place is larger (smaller) than
variable at (i-1)thplace. He called random variables as upper (lower) records in a random sample of size n from some probability
distribution. After the introduction of the field, number of researcher jumped into this area of statistics. Shorrock (1973) has
comprehensively discussed about record values and record time in a sequence of random variables. Ahsanullah (1979) has
characterized the exponential distribution by using the record values. Ahsanullah (1991) has also derived the distributional properties
of records by using the Lomax distribution. Some moment properties of the records have been given by Ahsanullah
(1992).Balakrishnan and Ahsanullah (1994) have established some recurrence relations satisfied by the single and double moments of
upper record values from the standard form of the generalized Pareto distribution. Ahsanullah (1997) derived some properties and a
characterization of upper record values from the classical Pareto distribution. Sultan and Moshref (2000) have obtained the best linear
unbiased estimates for the location and scale parameters of record values from the generalized Pareto distribution. Ahsanullah (2010)
considered several distributional properties of the upper records from the exponential distribution. Based on these distributional
properties, some characterizations of the exponential distribution are also presented in this paper. Ahsanullah et al. (2013) discussed a

new characterization of power function distribution based on lower record values. The pdf fn (X) of upper record values Xu(n) is

fn(x):%f(x), Co<x<w o

Thejoint pdfof X, ;) and X is

—0< X< Y <00,

r(j-i) _ (12)

f,,00y)= RON g RO=ROITE ¢

Il

The conditional pdf of X,;) /Xy = X; i

(R(y)— R(X»H& f (y) —0<X<Y<0 (L3)
(j—-i-1)  1-F(x)’ '

f(XU(J)=yi/XU(i)=Xi)=

For j=i+1
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f(y.
f(yi+1/xu(i) = Xi)= #I&.))’ — O <X <VYjy <% 1.4)

1.1 SIZE-BIASED PARETO DISTRIBUTION

When an investigator records an observation by nature according to a certain stochastic model the recorded observation will not have
the original distribution unless every observation is given an equal chance of being recorded. Patil and Rao (1978) examined some
general models leading to weighted distributions with weight functions not essentially restricted by unity. The results were applied to
the analysis of data relating to human populations and wildlife management. Sunoj and Maya (2006) introduced some fundamental
relationships between weighted and

unique variables in the context of maintainability function and inverted repair rate. Furthermore, some characterization theorems for
specific models such as power, exponential, Pareto Il, beta, and Pearson system of distributions using the relationships between the
original and weighted random variables was also established. Mir and Ahmad (2009) introduced some size-biased probability
distributions and their generalizations. These distributions offer a joining approach for the problems where the observations fall in the
non-experimental, non- replicated, and nonrandom categories.They introduced some of the possible uses of size- biased distribution
theory to some real life data. A number of papers have been appeared during the last ten years implicitly using the concepts of
weighted and size-biased sampling distributions.

m

The probability density function of weighted Pareto distribution is obtained by applying the weight W(X ) =X
f (X) y (,3_ m)a(ﬂ_m)xm_ﬂ_l : a>0,a<x<omo, (1.5)

Where m=1 or 2, these special cases are named as size-biased or length- biased distribution and area-biased distribution,

respectively. We define the Size-Biased Pareto distribution, when W(X)= X. The probability density function of the size-biased
Pareto Distribution is

f(X)=(ﬂ—1)a’B’1X’ﬁ, a>0,a<x<on, (1.6)

The cumulative distribution function of moment Pareto distribution is

F(x)=1-a”*x*”. (L7)

In this paper, upper record values from S-BPD have been derived and discussed various properties including characterization.
Previously, no research work has been done on weighted distributions in the context of record values. So it is hoped that findings of
this paper will be useful for researchers in different fields of applied sciences.

2. UPPER RECORD VALUES FROM SIZED-BIASED PARETO DISTRIBUTION (S-BPD)
Let XU(l)’ XU(Z),"', XU(

n) denote the upper record values arising from the iid size-biased Pareto variables, then using equations

(1.6) and (1.7), the probability density function of the nth upper record Xu(n) is given by

f(x)= (p-L)a’" Pl X, a>0, a<x<w2

r(n)
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Fig. 1 pdf plots for upper record values from S-BPD

2.1 PROPERTIES

In this section some distributional properties of the upper record values from the S-BPD have been derived.

2.1.1 MOMENTS

The rth moment of the nth upper record value Xu(n) by using (2.1), are

' r (1_ ﬂ)” ar
Hi(n :E(X n ):—n'

(n) (n) (1—ﬁ+ I’) 22

The mean and variance of the upper record values from the S-BPD are, respectively
Mean = w . (2.3)

(2-5)
. (1_ ﬂ)n a’ 2n n n
Variance = - - (2 — ﬁ) - (3—ﬁ) (1— ﬂ) . (2.4)
(3-5)(2-5) | |
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The mode of the upper record values from size-biased Pareto distribution is

(n- 1)}

Xmode(n) aexp[ﬂ(l ﬂ)

(2.5)

The inverse/negative moments of nth upper record values from the size-biased Pareto distribution are

’ 1 r (1_ﬂ)n
=E = (2.6
:u—r(n) (X(n)J (1_ 6,_ r)nar ( )

By using the equation (2.2) and (2.6), the relation between negative and positive moments of the nth upper record values from S-BPD
is

' 1_ﬂ+r ' -2r 1
Hor(n) Z(mj a - Hin) - 2.7)

The moment generating function of the upper record values from size-biased Pareto distribution is
o )k
=(1-p) (2.8)
kz k! 1 B+k)
2.1.2 ENTROPY

The entropy of the nthrecord values X, (n)from the S-BPD is

i(kj(—l)' T(n+k—i)-In[(8-1)a"* |+ plna - (ﬁﬂﬁ).

(2.9)
2.1.3 CUMULATIVE DISTRIBUTION FUNCTION

The cumulative distribution function of the upper record values from the S-BPD is

F, (=1 Tl 7)) 210

I'n

whereI'(a,s) = Ixa_le_xdx is the upper incomplete gamma function.

S

2.1.4 SURVIVAL AND HAZARD RATE FUNCTION

The survival function of upper record values from the S-BPD is
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The Hazard rate function is

hn (x) _ (ﬁ —1)aﬂ*1x*ﬂ (_ In(aﬁflxl—ﬂ ))n—l

F(n, (— In(aﬂ’lxl’ﬁ )))

The cumulative hazard rate function is

The reverse hazard rate function is

105

r, (x) _ (ﬂ _1)0! Bly=F (_ |n(aﬂ—1xlfﬂ ))n—l

- [Fn - F(n, (— In(a""’lxl"”' )))J
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Fig.2 Survival Plots for upper record values from S-BPD.
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Fig.3 Hazard rate plots for upper record values from S-BPD.

3. JOINT AND CONDITIONAL DENSITY FUNCTIONS

The joint probability density function of Xu(i) and XU(J.) from S-BPD is

f. (x,y)= (B-1fa’" . y” (— In(a/"lxl‘ﬂ ))igl[ln(aﬂ‘lxl‘ﬁ)+ In(a"”lyl’ﬂ )]H_l, aA<X<Yy<o,

rir(j—i) = x

Thus the conditional pdf f,; (y/x) of Xu(iy/ Xug) = X is given by

fi(y/x)= (ﬂ'_—li))(lj_ﬁ l[— In(lJlﬁlel, a <X<y<o,

The mean of the conditional pdf f;; (y/x) is

a-p)"'x

E(Xu(j)/xu(i)): E,(y/x)= 2 )"

Variance of the conditional pdf fj/i(y/x) is

var(Xy, )/ Xu )= vary, (y/x) = x*@- B) ___

1 @-p" }
B-p)"" (2-p)p"Y
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4. CHARACTERIZATION

Using conditional pdf of X ., given X, ) as given in equation (1.4), it can be shown that if X P(a,ﬂ), then

n+1

Elx, (o) = Xu /X ](ﬂ+)(zﬂ—3) B>3.

The following theorem gives a characterization of the S-PBD using the above result.

Theorem 4.1

Let {Xn,Z 1} be iid random variables having absolutely continuous (with respect to Lebesgue measure) cdf F(X). We will assume

without loss of generality F(O) =0 and F(l) =1.We assume further that F(X)is twice differential and let E(X rf)< oo,n>1. If
for >3,

E[X oy = X o P/ X ey = %)= (ﬂ+)(;_3) £>3 . 4.1)

and X € P(a, ).

Proof.Using Equation (1.4), we get

< 2 2X2 =
y—x) f(ydy=——-—=F(X). 4.2)
o=ty =G
Differentiating both sides of equation (4.2), we get
© - 2
I Ay (y)dy = AXF(x)  2x*f(x) | w3
x (B-2)p-3) (B-2(p-3)
Now taking 2" derivative of both sides of equation (4.3), we have
C 27
2F(0)= ) el 2¢f) (4.4)
(B-2(p-3) (B-2(p-3) (8-2)(p-3)
Substituting y = F (), y’ = —f(x), y" = —f'(X), the equation (4.4) reduces to
x2y”+4xy'—(,6’2 —5,B+4)y:0 (4.5)

The equation (4.5) is the well-known Euler type equation. It has solution of the form y = X", where I must satisfy the equation

r(r—1)+4r— (82 —58+4)=

r2+3r (8> -55+4)=
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The roots of I, from the above equation are r =1— L andr = —4. So the solutions are of the type
y=c X "andy=c,x"*. (4.6)
Where C, &C, are constants. Hence we assume E(X 2) exists and y = F(x)=1—F(x), sowe have

lim F(x) =0, lim xF (x)=0 4.7)

X—00 X—>0

The solution yzclxlfﬂ satisfies the condition of equation (4.7) if # >1, which contradicts the assumption that # <1, and

y= CZX/M satisfies the condition of equation (4.7) if £ < 4, which contradicts the assumption if £ > 4. We must have

F(x)=1-a”*x**, 0O<a<x<w, A>0.

5. CONCLUSION

In this paper, we developed the distribution of upper record values from the size-biased Pareto distribution. The graphs show that the
distribution of upper record values is positively skewed. For large values of n and £ the pdf showing peaked and right tail longer

while for smaller values of n and £ the pdf is flattering. We derive the positive and negative moment of the upper record values from

the size-biased Pareto distribution and developed a relation between them. The associated cdf, survival function, hazard function,
entropy, mgf, median, mode, skewness and kurtosis have been derived. We derive the joint and conditional probability distribution
functions of ith and jth upper record values from the size-biased Pareto distribution and find out conditional mean and variance of it.
The cumulative hazard rate function and reverse hazard rate function for the record values from size-biased Pareto distribution have

also been derived. The plot of survival function shows that the survival function is increasing for small n & # and decreasing and

showing bathtub shape for large /. Plot of hazard function shows increasing trend with n = 2 while decreasing function when n
increase. We hope this paper will contribute a valuable contribution for the enhancement of research in the theory of record values.
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